Abstract. Masses, widths and photocouplings of baryon resonances are determined in a coupled-channel partial wave analysis of a large variety of data. The Bonn-Gatchina partial wave formalism is extended to include a decomposition of t-and u-exchange amplitudes into individual partial waves. The multipole transition amplitudes for γp → pπ 0 and γp → nπ + are given and compared to results from other analyses.
Introduction
The spectrum of baryon resonances is expected to be very rich and considerably more complex than the mesonic excitation spectrum. Yet, experimentally, the number of known light-quark mesons exceeds by far the number of known baryon resonances [1] .
In quark models [2] [3] [4] , most high-mass baryon resonances are only weakly coupled to N π [5] , and can thus not been seen in elastic πN scattering experiments. For inelastic reactions like πN → ηN , πN → KΛ, πN → KΣ, data with a polarized target are missing, and data on differential cross sections have low statistics, and are often inconsistent when different experiments are compared. States weakly coupled to the πN channel may thus have escaped identification. The situation was aggravated by a recent analysis of a large body of πN elastic and charge exchange scattering data in which many of the less established nucleon and ∆ resonances were not confirmed [6] .
Other interpretations of the baryon spectrum exist as well. Very popular are diquark models [7] [8] [9] [10] in which one quark-pair is frozen and in which the number of predicted states decreases. Further, we mention approaches based on chiral Lagrangians in which low-lying baryon resonances are generated dynamically. In many cases, these calculations offer a consistent description of resonance properties and scattering data (see e.g. [11] ) but so far, they do not give a survey of all resonances to be expected. Often discussed is the conjecture that chiral symmetry might be restored in high-mass meson and baryon resonances. [12, 13] . The conjecture gives an attractive interpretation of one experimental observation, that resonances show up as parity doublets or even higher multiplets. It fails to predict at which mass resonances should be found and, experimentally, all meson and baryon resonances on the leading Regge trajectory have no parity partner. The AdS/QCD model describes QCD in terms of a dual gravitational theory [14, 15] ; with some phenomenological adjustments, it is surprisingly successful in predicting the baryon mass spectrum and the number of expected states [16, 17] . It also predicts where parity multiplets should occur and where not. Reviews of baryon spectroscopy can be found in [18] [19] [20] .
A decision which of the above approaches provides the most accurate representation of Nature requires a better experimental knowledge of the excitation spectrum. The limitations of the current data base on light-quark baryons is the stimulus for experiments studying baryon resonances in photoproduction of complex final states where the πN channel can be avoided in both the initial and the final state. The analysis of multibody final states including fermions is complex; in order to compare different approaches and to identify possible problems, a common meeting ground is needed. This is provided by the simplest photoproduction reactions, by γp → pπ 0 and γp → nπ + . In this paper, we give masses, widths, photocouplings, and N π decay branching ratios for the most important contributing resonances and compare our pion photoproduction and helicity amplitudes to those obtained by SAID [21] , MAID [22] and within the Gießen model [23, 24] . The fits are based on a large number of data sets and include data with multibody final states. The study thus shows to which extent multibody final states are compatible with the best-studied N π system.
Data used in the fits
A large number of reactions is used in the truly coupledchannel fits presented here. The data cover elastic πN scattering as well as inelastic reactions, they cover differential cross sections and single and double polarization variables. Reactions with multi-body final states are included exploiting an event-based likelihood method. Different data sets often have a very different statistical power. Weights w i are introduced to force the fit to take into account highly significant but low-statistics data, e.g. beam asymmetries. Without these weights, polarization data often have too small an impact on the fit result. The weight of a newly introduced data set is increased when the fit is visually unacceptable, or decreased until first discrepancies between data and fit become apparent.
Elastic πN → πN scattering
In the analysis presented here, data on elastic πN scattering (charge exchange is implicitly included) are not used directly. Instead, we rely on the detailed work of the George-Washington Center for Nuclear Studies [6] and use, for energies up to 2.2 GeV, their scattering amplitudes.
The reaction π − p → ηn
The inelastic π − p scattering process leading to the nη final state was reported from several experiments [25] [26] [27] [28] and [29, 30] . Above 1.8 GeV, large discrepancies between the data [27, 30] show up. The data from [29] cover extreme backward angles and are partly incompatible with all other results. A critical discussion of the available data can be found in [31] . We use here the data from [26, 28] (see Table 1 ) which show better consistency.
The reaction π
In the low-energy region, up to ∼ 1.5 GeV in mass, very precise data from BNL are available [32] . These data are included in an event-based likelihood fit (see Table 2 ). The likelihood values have no direct significance; only likelihood difference can be related to probability changes when particular contributions are removed from the fit. To demonstrate the quality of the description we have constructed for every energy of the initial pion m 2 pπ 0 versus m 2 pπ 0 Dalitz plots for data and for Monte Carlo events with 40 × 40 bins. The Monte Carlo events were weighted with the squared amplitude from our final PWA solution. The data and weighted Monte Carlo Dalitz plots were compared; in Table 2 the χ 2 /N bin is given as well as the number of bins with nonzero number of Monte Carlo events.
Photoproduction of single neutral pions off protons
References to the data on the reaction γp → pπ 0 and their χ 2 contributions are collected in Table 3 . For the differential cross section, we use only the most recent data, reported by TAPS@MAMI [41] , GDH-A2 [42, 43] , GRAAL [44] , CB-ELSA [45, 46] , and CLAS [47] which cover a wide range of energies and angles. A large variety of older data exist which cover only a limited fraction of the energy and angular range. These data provide significant information on polarization observables.
The differential cross sections reported by the different collaborations exhibit small but significant systematic discrepancies practically in all mass regions; due to the small statistical errors these are easily recognized. We show the systematic deviations by comparing the data with a curve representing the "first" fit to all data, without normalization factors.
In Fig. 1 the differential cross section from GDH-A2, CLAS and CB-ELSA are shown and compared to the preliminary fit for the 1495-1530 MeV mass range. The GDH data systematically exceed CLAS data while the CB-ELSA data provide numbers between these two measurements. The GDH-A2 data have a larger statistical error than the CLAS data; we introduced them into the fit with larger weight since they provide important information about the difference between helicity 3/2 and 1/2 cross sections.
In the mass region 1600-1750 MeV, there are notable discrepancies between GRAAL and CLAS data (here the CB-ELSA data fall again between GRAAL and CLAS results). As an example, the mass region around 1670 MeV is shown for the three data sets in Fig. 2 . The curve cor- cos θ cm Fig. 1 . The CB-ELSA, CLAS and GDH differential cross section on γp → π 0 p in the region 1500 MeV. In the Crystal Barrel data, a common systematic error due to uncertainties in the reconstruction efficiency is included. The curve represents the"first" fit without normalization (see text). The GDH data are introduced with a large weight. responds to the fit where the CLAS data are taken with statistical errors only and dominate the solution.
At higher energies, only the CB-ELSA and CLAS data are available. There are two clear discrepancies between these data sets. The first one is located in the 1900 MeV mass region where the CB-ELSA data systematically exceed the CLAS data in the backward hemisphere (see Fig. 3, top) . A second discrepancy shows up above W = 2100 MeV in the very forward angular range. Here the corresponding CB-ELSA points are systematically lower than those from CLAS. At W =2300-2400 MeV, the two data sets are fully consistent (see Fig. 3, bottom) .
A fraction of the discrepancies is assigned to normalization. Most experiments give explicit normalization errors which were not taken into account in the "first" fit. We then allowed for a free normalization factor for the π 0 differential cross section, which is determined in the fit to 1.00 (TAPS@MAMI), 1.01 (GDH-A2), 0.99 (GRAAL and CB-ELSA) and 0.95 (CLAS).
The data from the four experiments are still not yet statistically compatible; at least one experiment must have additional unrecognized systematic errors. Of course, we do not know which experiment. We assume that all four experiments have systematic errors which were not recognized. These were estimated from the variance of the experimental results in preset bins of energy and angle (in cos θ). For this purpose, differential cross sections were calculated, by interpolation, for these bins. From the variance we estimated systematic errors which increase linearly from 1% at W = 1400 MeV to 9% at W = 2450 MeV. These systematic errors were added to all four data sets. With the increased systematic errors, the data are compatible and the χ 2 of a fit reflects the quality of a fit and not the inconsistency between different data sets. These errors are used in the fits only. In the figures, the data and their errors are shown as quoted in the original papers.
The beam asymmetry Σ has been determined in a number of experiments [44, [48] [49] [50] [51] [52] [53] [54] [55] , as well as the target asymmetry T [49] [50] [51] [56] [57] [58] [59] [60] [61] [62] [63] [64] , and the polarization P of the recoiling proton [49] [50] [51] [65] [66] [67] [68] [69] . Few data exist from experiments with polarized photons and polarized target or from measurements of the recoil polarization. Data on O x and O z can be found in [68, 72] , on G in [70, 71] , and on H in [70] . Data on the helicity difference σ 3/2 − σ 1/2 were published in [42, 43] ; in Tables 2 and 3 we quote E which is defined as (σ 3/2 − σ 1/2 )/(σ 3/2 + σ 1/2 ). These data are included in the fits. Their statistical errors are mostly large, the systematic errors likely small. Hence we retain the original errors. 
The reaction γp
Total cross sections were reported in [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] [87] . Again, some discrepancies show up, at energies above 1600 MeV and in the forward region, between the new CLAS data and former measurements. An example of such discrepancies is given in Fig. 4 . Normalization factors for the different data were introduced which are determined to be in the range from 0.96 to 1.03. A consistent description was achieved by adding a systematic error which increases linearly from 1% at W = 1400 MeV and to 9% at W = 2450 MeV. The beam asymmetry Σ was determined in [55, [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] , the target asymmetry T in [93, 94, [99] [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] , the neutron recoil polarization can be found in [93, 94, 110] . A few data from double polarization are available: on G [71, 111, 112] , H [111] [112] [113] , and on the helicity difference σ 3/2 − σ 1/2 [43, 86] . The data are fitted with the errors as given in the respective papers.
Photoproduction of η mesons off protons
For photoproduction of η mesons, differential cross sections [114] [115] [116] [117] 119] and the related beam asymmetry Σ [118] [119] [120] are the only quantities which have been measured so far. Double polarization observables are presently studied intensively at several laboratories but so far, no results have been published. The recent high-statistics measurements on γp → pη [121, 122] are not yet included in the fits presented here.
The reactions γp
Data on hyperon photoproduction used in the present fits are collected in Table 4 . We use the differential cross sections for γp → K + Λ and K + Σ 0 from CLAS [123] . As shown in [124] , the Saphir data [125] on differential cross sections are about compatible with the CLAS data when an energy dependent normalization factor is introduced. The beam asymmetry was measured at SPring-8 [126] and GRAAL [127] ; the Λ polarization was deduced in [127] and [128] . Target asymmetry T and O x and O z for γp → K + Λ were reported in [129] . In [130] , CLAS data on the spin transfer coefficients C x and C z were presented for both,
were measured by CLAS [128] , Saphir [131] and CB-ELSA/ TAPS [132] . For the latter data we include the determination of the P polarization derived from an analysis of the Σ + decay. Table 2 . The beam asymmetries [38, 39] and the helicity dependence E [40] are included in the fit in the form of histograms.
Both these reactions have been studied intensively, see [133] [134] [135] [136] [137] [138] [139] [140] [141] [142] [143] [144] [145] [146] for the first and [147] [148] [149] for the latter reaction. For these data only selected histograms are available; they are not included in our fits.
Partial wave amplitudes
A general expression for the decomposition of the twoparticle scattering amplitude A(s, t) into partial wave amplitudes A ββ ′ n (s) which describe production, propagation and decay of a two-particle systems with fixed total angular momentum J, parity and (if conserved) C-parity can be written as:
where k i are initial and q i are final particle momenta, ..µn (' †' stands for hermitian conjugation) describe the transition of the system into the initial-and final-state particles, and depend on the total and relative momenta. The indices β and β ′ list quantum numbers of the production and decay amplitudes, e.g. isospin, spin and orbital angular momenta. The tensor F µ1...µn ν1...νn depends only on the total momentum P and describes the tensor structure of the partial wave. It is often called projection operator. The formalism for construction of vertices for meson-baryon partial waves and projection operators is given in [150, 151] . For convenience we provide key formula for projection operators and vertices in Appendix A.
In the case of resonance production, the total amplitude A(s, t) can be expanded into a sum of partial wave amplitudes multiplied by vertices, see eq. (1). Here the partial wave amplitudes A ββ ′ n (s) provide the energy dependence of the resonance which can be parameterized, for example, as N/D amplitude, as K-matrix or, in the simplest case, as a Breit-Wigner amplitude [152] . For nonresonant contributions, like t and u channel exchanges, the situation is different. In many partial wave analyses (including the present one) these contributions are simply added to the resonant part of the total amplitude and the sum is used to fit the experimental data. However, one needs to know the contribution of t and u-exchanges in every partial wave if the final partial wave amplitudes are to be compared with results from other analyses. This decomposition is also required when rescattering between non-resonant and resonant parts of the amplitude should be taken into account. For the non-resonant contributions used in the energy dependent fits one has therefore to solve an inverse task: to extract partial wave amplitudes from the total amplitude. This task can be solved by using the orthogonality condition for partial wave operators. Multiplying the total amplitude from eq. (1) with initial and final projection operators and vertices and integrating over solid angle of the initial and final momenta we obtain
where k 2 ⊥ and q 2 ⊥ are squared relative momenta orthogonal to the total momentum of the system P (see Appendix A).
The factor W αβ n corresponds to the on-shell one-loop amplitude for transition between two vertices Q (β) µ1...µn . It can be calculated as
For meson-nucleon and γN vertices, the W αβ n were calculated in [151] . For convenience we provide the corresponding expressions in Appendix B and expressions for partial wave amplitudes for photoproduction of a single meson are given in Appendix C.
Parameterization of the partial wave amplitudes
In the present analysis, the partial waves at low energies are described in the framework of a K-matrix/P-vector approach. High-mass resonances (above 2.2 GeV) are described by relativistic multi-channel Breit-Wigner amplitudes. In the case of photoproduction reactions, the reggeized t-and u-channel amplitudes were added to the resonant part. Then the multipoles were calculated by solving eq. (2).
Pion induced reactions in K-matrix approach
The multi-channel amplitude is given by the matrixÂ(s) where the matrix element A ab (s) defines the transition amplitude from state 'a' to state 'b'. In eq. (1) this amplitude is denoted as A ββ ′ n (s) to emphasize the different spin-parity contributions. Now we will use the notation A ab (s) which identifies the initial and the final channels, e.g. γN , πN , ηN , KΛ, π∆, and omit the indices representing the partial wave. Scattering between different channels is taken into account explicitly in the K-matrix; the amplitude is given bŷ
whereK is the K-matrix,Î is the unity matrix andρ is a diagonal matrix of the according phase space. For two-particle states (for example πN ), the phase space is calculated as a simple loop diagram (see [151] ). For J = L + 1/2, the so-called '+' states, the phase space is equal to
and for '-' states with J = L − 1/2, the phase space is given by
where s is the total energy squared, k, is the relative momentum between baryon and meson, k its three-vector component, k 10 is the energy of the baryon (with mass m N ) calculated in the c.m.s. of the reaction. J is the total, L the orbital angular momentum of the baryon-plusmeson system, and the coefficient α L is equal to:
The phase volume is regularized at large energies by a standard Blatt-Weisskopf form B(L, r, k 2 ) with r = 0.8 fm, and a form-factor F (k 2 ) of the type
Fits with both parameterizations yield nearly identical results. The parameter Λ were taken from our previous analysis [124, 153] and fixed to 1.5 for the first parameterization and 3.0 for the second one. The exact formulas for the three-body phase volume are given in [151] . The K-matrixK is parameterized as follows:
where M α and g
a are the mass and the coupling constant of the resonance α, and where f ab describes a direct (nonresonant) transition from the initial state a to the final state b, e.g. from πN → ΛK.
For most partial waves it is sufficient to assume that f ab are constants. The S 11 and S 31 and waves require a slightly more complicated structure, we use
Here the f (i) ab and s ab 0 are constants which are determined in the fits. In the case of the S 11 wave, this more flexible parameterization is required to describe πN → N π, πN → N η, and ηN → N η transitions. Let us note that this form is similar to the one used by SAID [6] .
The photoproduction amplitude
The photoproduction amplitude can be written in the Pvector approach [154] . The P-vector amplitude for the initial state 'a' photoproduction is then given by
The production vectorP is parameterized as:
where g (α)
γN are the photo-couplings of the resonance α and where non-resonant production of a final state b is described by contributionsf b . In general, these are functions of s but mostly, a constantf b is sufficient.
The P-vector approach is based on the idea that a channel with a weak coupling can be omitted from the Kmatrix. Indeed, adding to the K-matrix the γN channel would not change the properties of the amplitude. Due to its weak coupling, the γN interaction can be taken into account only once; this is done in the form of a Pvector. Loops due to virtual decays of a resonance into N γ and back into the resonance can be neglected safely. A similar approach can be used to describe decay modes with a weak couplings. The amplitude for the transition into such a channel can be written as D-vector amplitude,
where the parameterization of the D-vector is similar to the parameterization of the P-vector:
Here g
is the coupling of a resonance to the final state andd b is a non-resonant production from the K-matrixchannel b to the final state. As in the case of the P-vector approach, channels with weak couplings can be taken into account only in their final decay, and are not taken into account in the rescattering. Let us note that if the final state is already included as one of K-matrix channels, the amplitude (13) reproduces the K-matrix amplitude (4) .
In cases where both, initial and final coupling constants are weak, we use an approximation which we call PD-vector. In this case the amplitude is given by
whereĜ ab corresponds to a tree diagram for the transition from state 'a' to state 'b'.
is the production coupling of the resonance. For photoproduction, g
γN holds true, andh ab is the direct non-resonant transition from the initial to the different final channels.
Reggeized meson exchange amplitudes
At high energies, angular distributions of photo-produced mesons exhibit clear peaks in the forward direction. These peaks originate from meson exchanges in the t-channel. Their contributions are parameterized as π, ρ(ω), K or K * exchanges. The most straight forward parameterization of particle exchange amplitudes is the exchange of Regge trajectories. The invariant part of the t-channel exchange amplitude can be written as [152] T (s, t) = g 1 (t)g 2 (t)R(±, ν, t) ν = 1 2 (s − u). (17) Here, g i are vertex functions, and R(+, ν, t) and R(−, ν, t) are Reggeon propagators for exchanges with positive and negative signature. Exchanges of π and K have positive, ρ, ω and K * exchanges have negative signature. The ρ trajectory has a negative signature and the corresponding propagator is equal to
. (18) where α ρ (t) = 0.50 + 0.85t. The ω trajectory is identical to the ρ trajectory. The expressions for other Reggeon propagators used in the fit are given in Appendix D.
4 Partial wave analysis 4.1 Fit of the π 0 p and π + n photoproduction reactions
The new CLAS data on the γp → π 0 p reaction are compared to our fit in Fig. 5 . The χ 2 contributions of this fit from the various channels are given in Tables 1 -4 . We remind the reader that we estimated additional systematic errors for the γp → π 0 p and γp → π + n differential cross sections; these additional errors are not shown in Fig. 5 .
Some systematic deviations between data and fit can be recognized in the mass region below 1800 MeV. These are mostly the result of discrepancies between the data. In Fig. 6 we show for comparison some CB-ELSA data, and in Fig. 7 some GRAAL data, for invariant masses which are close to the CLAS values. At higher energies the solution describes very well the new CLAS data, however CB-ELSA data are also described with rather good accuracy.
The new data on the γp → π + n and the fit curve are shown in Fig. 8 . Here, the total normalization factors resolve rather well discrepancies at masses below 1600 MeV. The description of the earlier data on the γp → π + n in this mass region is shown in Fig. 9 .
Photoproduction multipoles
We now turn to a discussion of the partial wave amplitudes. It should be stressed that the amplitudes we give for γp → pπ 0 and γp → nπ + are constrained by a large number of other reactions. This is particularly important cos θ cm Fig. 9 . The γp → π + n differential cross section with the current solution. The data are taken from [75, [77] [78] [79] [80] [81] [82] 85] in the vicinity of thresholds. Of course, the elastic πN scattering amplitude and the pion photoproduction amplitude are influenced by opening new channels and the couplings to the new channels can be estimated from their effect on the scattering and photoproduction amplitudes. But this is rather indirect, and it is desirable to take the inelastic channels into account directly.
The multipoles for π 0 photoproduction are shown in Fig. 13 . The errors cover a large number of fits which differ mostly by the parameterization of the 2πN channel at masses above 1.8 GeV. For convenience of the reader, we list in Table 5 the lowest photoproduction multipoles and the corresponding partial waves.
Most amplitudes derived within the SAID, MAID, or BnGa approach yield consistent results, at least qualitatively. The best agreement is found for the M + 1 amplitude which describes the spin flip amplitude for the photoinduced transition from the proton to the ∆ resonance and its excitations. The ∆ resonance is fully elastic, hence the agreement in the low-mass region is not unexpected. Even the small E + 1 multipoles are not inconsistent. Some multipoles which we discuss next show significant differences between the different approaches. The E + 0 multipole has a similar structure in all three approaches but shows significant differences in detail. In the BnGa solution, the electric dipole transition E + 0 exceeds the other solutions in the threshold regions, likely due to a larger role of the subthreshold ΛK + amplitude. The differences are even larger for the M − 1 multipole; this may be not unexpected in view of the notorious difficulties with the 1/2 + partial wave. Table 5 . Photoproduction multipoles and partial waves. In general, two multipoles lead to one spin-parity wave.
Multipoles Partial waves J
+ Surprisingly, the multipoles for γp → nπ + are in much better consistency. The differences in the E [153] . We note that the (dominant) resonance contributions are compatible with the Watson theorem.
Properties of contributing resonances
A large number of resonances is identified in the fits. Some have a strong coupling to pion photoproduction, for others, the product of squared photocoupling constant and N π decay branching ratio is small and they contribute mostly to inelastic channels; their properties will be discussed elsewhere. These latter resonances are listed in Table 6. They do help to improve the fit to pion photoproduction but their helicity amplitudes are not well defined, and photo-couplings and decay branching ratios of these states can be varied within large limits without significant χ 2 deterioration. All these solutions were included in the error estimation procedure.
The pole position of the states, photo-couplings and πN branching ratios for the states contributing strongly to pion photoproduction are given in Table 7 . The inclusion of the new CLAS data rather notably stabilized the solution and improved most of the errors. The pole positions are determined by finding zeros of the real and the imaginary part of the denominator in the partial wave amplitudes. Thus two lines are defined in the complex energy plane. Their crossing points defines the pole position. The coupling constants, including the helicity amplitudes, are calculated as residues of the P-vector/K-matrix amplitude at the pole position and are given together with their phases. The πN branching ratios are calculated as squared residue-couplings, multiplied by the phase volume taken at the Breit-Wigner resonance mass. We note that nucleon-meson or nucleon-photon couplings are defined at the pole position of a resonance, and are complex numbers. In Table 7 we give the (complex) photon-couplings at the pole positions; their analogues, the helicity amplitudes A 1/2 and A 3/2 are defined for Breit-Wigner amplitudes, not for more general formalisms. The method how we derive Breit-Wigner parameters and helicity amplitudes is discussed below. For the P 13 (1720) and D 33 (1700) resonances, the Breit-Wigner width is much larger than one might expect from the pole position. In the N π channel, the visible width is much closer to this expectation. The effect is known from a 0 (980) which has a visible width of about 50 MeV in the πη mass distribution but a much larger width in the KK mass distribution the width is much larger because of the rapidly opening KK phase space. In the P 13 (1720) and D 33 (1700) case, the phase space for N ππ 3-body decays grows rapidly with increasing mass.
Within the quoted errors, the results from the new solution are mostly compatible with those published in Table 6 . Baryon resonances included in the fit which contribute little to photoproduction of pions. [33] . The largest changes to our previous solution are observed for the photo-couplings of the S 31 (1620) resonance (which was (130± 50) GeV −1/2 ×10 3 in [33] ), and for the small helicity component A 1/2 of the D 13 (1520) (which was (7.0±1.5) GeV −1/2 ×10 3 ). The changes are largely due to the inclusion of additional polarization data for γp → π 0 p and γp → π + n. The new data also require P 11 (1710). In [34] , this resonance improved the description of the data slightly but we were not forced to introduce it. In the present fit, there are three resonances above the nucleon in the P 11 wave: the Roper resonance P 11 (1440), the P 11 (1710), and the newly proposed P 11 (1860).
Mass Width Mass Width
We found two minima for the photo-couplings of the F 35 (1905) state. Both solutions are given in the Table 7 (5 th and 6 th row, 2 nd column). The first solution corresponds well to the PDG average values, while the second solution has an almost vanishing helicity-3/2 coupling. Both solutions reproduce single meson photoproduction data with the same quality, however the second solution provides a better likelihood for the γp → π 0 ηp reaction. The analysis of the high energy data on the two-pion photoproduction will help to define which solution is the physical one. Also the forthcoming double polarization data will provide new and important constraints on the amplitudes.
The pole structure of two resonances is found to be ambiguous. The pole of the S 11 (1650) resonance is located between the ΛK and ΣK thresholds. In one set of acceptable solutions we found large couplings of this state to these channels and a complicated pole structure of two or even more poles close to the two thresholds. We included such pole positions and corresponding residues in the errors given in Table 7 . The forthcoming analysis of the data on the πp → KΛ should help to define the S 11 pole structure more accurately, however new data on πN → KΛ and πN → KΣ would be extremely valuable. The fit of twopion photoproduction data suggests a substantial coupling of P 13 (1720) to the D 13 (1520)π channel. Thus we observe here a double pole structure near the D 13 (1520)π threshold which results in rather large errors and in difficulties to identify the corresponding Breit-Wigner parameters. We believe that the forthcoming polarization data on two-pion photoproduction will improve significantly the accuracy in the definition of P 13 (1720) pole structure. A more precise definition of the P 13 (1720) pole with its N ππ couplings Table 7 . Pole position (in MeV), photo-couplings calculated as residues in the pole (in GeV −1/2 10 3 , phases in degrees) and corresponding Breit-Wigner parameters for states contributing strongly to pion photoproduction (the branching ratios are in percents). The PDG values are given in parentheses. For F35(1905) two solutions are given. may also help to resolve the discrepancies in the determination of its A 3/2 helicity amplitude when different analyses are compared.
The Review of Particle Properties lists Breit-Wigner parameters and real helicity amplitudes. In the K-matrix approach, a photo-produced resonance is described by a P-vector (eq. 12). Even if the photo-coupling constant g (α) γN is real, the photo-coupling at the resonance position, calculated as residuum of the amplitude P b at the pole, will in general be complex. To allow for a comparison with other determinations, we define helicity amplitudes by the following procedure: a Breit-Wigner amplitude is constructed with an adjustable mass and a width which is parameterized as a sum of all partial widths,
The total widths is scaled with one parameter. This scaling parameter as well as the Breit-Wigner mass are adjusted to reproduce the pole position of the P-vector amplitude. The Breit-Wigner helicity amplitudes A 1/2 and A 3/2 are defined by the condition that the residues of the BreitWigner photoproduction amplitude reproduce the magnitude of the original residues of the P-vector/K-matrix amplitude.
In Table 8 we compare our results on A 1/2 and A 3/2 for N * and ∆ * with previous determinations of these quantities. These real helicity amplitudes are given in Table 8 and compared to values obtained by SAID, MAID, and the Gießen model, and to the values listed by the PDG [1] . First we notice that our errors are much larger than those given by FA08, MAID and Gießen do not give any errors. We believe that the FA08 systematic errors are underestimated: the impact of variations in the couplings to inelastic channels can hardly be tested using only reactions with N π in the final state. The errors we quote are not statistical errors; those are small. Our errors are derived from a large number of fits changing the number of resonances, switching on and off couplings to inelastic channels, using different start values for the fits.
For most resonances, reasonable consistency between the different analyses is found. In particular the helicity amplitudes for photoproduction of the Roper resonance from SAID, MAID, and BnGa are fully consistent (the Gießen result is a bit higher) even though mass, width, and N π decay branching fractions differ somewhat. BnGa and SAID, e.g., find, respectively, M (MeV) Γ (MeV) Γ N π /Γ tot BnGa 1440 ± 12 335 ± 50 0.60 ± 0.06 FA08 1485 284 0.79
In our analysis, the Roper resonance is fully constrained: from three of the four reactions, πN elastic scattering, γp → N π, π − p → pπ 0 π 0 , and γp → pπ 0 π 0 , the amplitude for the forth reaction can be predicted. Hence we are particularly confident that these results are correct.
We comment briefly on further differences. The PDG result for the A 1/2 amplitude of (53±16) GeV −1/2 ×10 3 for producing S 11 (1650) was driven by the 1995 VPI result (69±5) GeV −1/2 ×10 3 [155] and by the small value (22±7) GeV −1/2 ×10 3 obtained in [47] . The most recent FA08 analysis gives (9.0±9.1) GeV −1/2 ×10 3 , a value which is much smaller and which is not confirmed here; we find (60±20) GeV −1/2 ×10 3 , in close agreement with the Gießen result. Part of the discrepancy with FA08 is certainly due to the S 11 (1650) branching ratio to the πN channel; in FA08 this is fixed to be 100% while we find (50±25)%. Of course, photoproduction defines only the product of the helicity and πN couplings.
Possibly related are the differences in the helicity amplitudes for P 13 (1720). Our value for A 1/2 is compatible with the new FA08 analysis and in conflict with the value quoted by the PDG. Incompatible with all other determinations -even in the sign -is our value for the A 3/2 helicity amplitude for P 13 (1720) production. Also the Gießen results are at variance with the other determinations. Clearly, more data are required to resolve this discrepancy; the results from double polarization experiments carried out at present in different laboratories will very likely be decisive.
There is the possibility, that the discrepancies in the properties of P 13 (1720) have a physical origin. In [156] it was found that data on the reaction ep → e ′ pπ + π − could be described only when resonance parameters were drastically changed with respect to published results, or when a new resonance in the P 13 wave was introduced. Apparently, the P 13 (1720) properties are different in N π and in N ππ; this might be a hint for the presence of a close-by state in the same partial wave.
Summary
We have presented results from a partial wave analysis on a large variety of different reactions, from πN elastic scattering to photoproduction of multibody final states. The main emphasis of this paper was devoted to a determination of the electric and magnetic multipoles leading to the production of neutral or charged pions in photoinduced reactions off protons. The multipoles are mostly consistent with previous analyses but a few significant discrepancies call for clarifications. The analysis provides masses, widths, and helicity amplitudes for several known resonances. Masses and widths and the πN partial decay widths of all resonances agree very well with established values. Only the photocoupling of the P 13 (1720) resonance differs remarkably from PDG and from the values found in a recent analysis of the CLAS collaboration. This discrepancy may be a further hint for the conjecture [156] that the P 13 (1720) resonance may have a more complicated structure than usually assumed.
The tensor F µ1...µn ν1...νn depends only on the total momentum P (s = P 2 ) and describes the tensor structure of the partial wave. It can be calculated as a product of two polarization tensors Ψ α ν1...νn summed over possible polarizations:
For every set of indices, F µ1...µn ν1...νn satisfies the properties of the polarization tensor: it is symmetrical over permutation of any two indices, traceless and for n > 0 is orthogonal to the total momentum of the system. It usually normalized by the condition:
and is often called projection operator: its convolution with another tensor by one set of indices results in a tensor which obeys the symmetry properties of the corresponding partial wave.
In the case of a fermionic system, F µ1...µn ν1...νn can be written in the form Here, ( √ s +P ) corresponds to the numerator of a propagator describing a particle with J = 1/2 and n = J −1/2 ( √ s = M for the stable particle). We define 
We introduced the factor 1/(2 √ s) in the propagator which removes the divergency of this function at large energies. For the stable particle it means that bispinors are normalized as follows: 
The pseudoscalar meson-nucleon vertices for the partial wave with spin J have the form: 
where n = J−1/2 and u(q 1 ) is the bispinor of the baryon. The '+' and '-' indices describe two sets of the partial waves with relation between orbital momentum L and the total spin J as J = L+1/2 ('+' partial waves) and J = L− 1/2 ('-' partial waves). The '+' set of vertices describes the partial waves with J P = + . . .. In the case of virtual photons there are, for every partial wave with J > 1/2, three γ * N vertices; for real photons, only two of them are independent [151] . In the LS formalism these vertices correspond to spin 1/2 and 3/2 of the photon-nucleon system. For '+' states the vertices are (following the ordering in [151] ): 
The orbital angular momentum operators for L ≤ 3 are: 
.
The operator X (n+1) νµ1...µn can be written as a series of products of metric tensors and relative momentum vectors. The first term is proportional to the production of relative momentum vectors k ⊥ µ , other terms correspond to the substitution of two vectors by a metric tensor with corresponding indices: 
and for the γN vertices (in the case of photoproduction): 
for the '-' states. The γN vertices in this representation are not orthogonal to each other, and to extract partial waves one needs to solve a 2×2 system of linear equations.
